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Racecar Longitudinal Control in Unknown and
Highly-Varying Driving Conditions

Salvatore Pedone and Adriano Fagiolini

Abstract—This paper focuses on racecar longitudinal control
with highly-varying driving conditions. The main factors affecting
the dynamic behavior of a vehicle, including aerodynamic forces,
wheel rolling resistance, traction force resulting from changing
tire-road interaction as well as the occurrence of sudden wind gusts
or the presence of persistent winds, are considered and assumed to
have unknown models. By exploiting the theory on delayed input-
state observers and using measurement data about the vehicle and
wheel speeds, a dynamic filter that allows the online reconstruction
of the above-mentioned unknown time-varying quantities is de-
rived. Moreover, by exploiting the notion of effective tire radius,
a reduced-degree-of-freedom model for the longitudinal vehicle
dynamics is obtained, which is independent of the traction force and
that enables, when used with the observer filter described above, an
accurate speed control compensating for the resistance forces. One
appealing feature of the proposed estimation and control method is
that it requires no model information about such forces, for which,
at the state-of-the-art, only heuristic approximations to be a-priori
identified are available. Its effectiveness is shown via the simulation
of scenarios where the car is required to execute aggressive maneu-
vers and the asphalt road surface abruptly changes from dry to
wet, snowy, and icy. The evaluation also reveals that the proposed
estimation technique outperforms standard solutions even in the
presence of measurement noise.

Index Terms—Self-driving, autonomous Vehicles, racecars,
input-state estimation.

I. INTRODUCTION

IN THE near future, a great number of automotive applica-
tions will become possible [1], by leveraging on the avail-

ability of denser and faster communication networks that will
soon be enabled by the 5G technology [2]. Via the Vehicle-to-
Everything (V2X) architecture [3], all actors of future transport
systems (vehicles, passengers, and pedestrians) [4], [5] will
be able to cooperatively plan and optimize their travel expe-
rience [6], according to faster [7], more efficient [8], secure [9],
and safer [10]–[12] protocols. They will be able to share evi-
dence of possible hazards, including unexpected traffic jams in
tunnels, road damages, anomalous behavior of human drivers
and autonomous pilots [13], [14], thus improving the overall
safety of passengers and pedestrians [15]. In this scenario, the
race towards (electric) vehicles with full self-driving capacity
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has just begun [16]–[19]. However, several obstacles have to
be overcome before this technology goes mainstream to the
market [20], including an infrastructure modernization [21],
[22], the definition of legislations addressing moral and legal
issues [23], [24], and the achievement of stronger guarantees
on the ability of an autonomous vehicle to detect and react
to uncertainties caused by unexpected changes in the driving
conditions.

The two major sources of uncertainty when modeling a vehi-
cle’s dynamics are related to the traction force and the presence
of external disturbance [25]. The traction force is proportional
to the instantaneous friction coefficient, whose value can be
computed only using heuristic functions, experimentally iden-
tified [26], [27], that require the knowledge of the type of road
(dry, wet, snowy, and icy). In a realistic scenario, in which the
road surface may change unexpectedly, the road type detection
can be done by using visual data, but the accuracy of this
process is affected by light conditions and the asphalt reflection
property. External disturbance is due to sudden wind gusts,
aerodynamic drag, and rolling resistance. Modeling persistent
or rapidly changing winds, such as those occurring when exiting
from a tunnel, driving on viaducts and overpasses [28], or as a
result of the interaction with another approaching vehicle, is not
easy. Direct measurement of the wind speed can be done by using
anemometer sensors, based on pitot probes, which however are
less accurate at lower speed, require altitude-dependent calibra-
tion, must be installed far enough from the vehicle to catch only
laminar airflow, and introduce further costs. Consequently, even
though the aerodynamic drag force can be accurately modeled,
its direct estimation may be imprecise as it needs the information
about the vehicle’s speed relative to the wind velocity. The
rolling resistance force is also known approximately, and its
identification is vehicle-specific and requires so-called coast-
down tests.

In order to obtain safe and performant control of a vehicle’s
motion, one can either use robust control techniques, such as
sliding mode control [29], or estimate the unknown quantities
by using dynamic input-state observers. Regarding the second
approach, it has been recently shown that online estimation of
tire-road interaction forces can be obtained if a full model, in-
cluding tires, wheels, and vehicle dynamics, is considered [30].
Observers-based solutions can estimate the instantaneous maxi-
mum available power [31] and even allow prompt intervention of
drivers upon risk detection [32]. The standard way of estimating
a vehicle’s state is undoubtedly by using Kalman filters [33],
[34], which are optimal estimators when the vehicle is moving
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Fig. 1. Example of a telemetry plot depicting an aggressive maneuver in which
a racecar accelerates from 0 to 180 km/h (50 m/s) in 8 seconds with a constant
acceleration of 6.25 m/s2, then moves at a constant high speed, and finally
decelerates with opposite acceleration rate.

at a constant speed for almost all time. This optimality is lost
if the vehicle performs aggressive driving maneuvers, made
of sequences of acceleration and deceleration phases, when
the nonlinear traction force is uncertain, or when the external
disturbance is far from being a Gaussian noise signal. The
estimation of the traction force and the other external disturbance
signals named above can be obtained by using Extended Kalman
Filters (EKF). These filters provide good results, but they require
adding new states to the observers and accurate modeling of
their dynamics [35]–[37]. Discontinuous changes in the friction
coefficient can be handled with adaptive estimators, thanks to
the introduction of a parameter update law [38].

Within this context, this paper addresses the longitudinal
speed control problem for a racecar under unknown and highly-
varying driving conditions. The aim is to provide the con-
trolled vehicle with the capacity to asymptotically track an
aggressive maneuver, i.e. a trajectory with a constant high-
speed plateau [39], preceded and followed by fast accelera-
tion/deceleration phases (Fig. 1). The problem is attacked by
first deriving a novel estimator, which is built upon input-
reconstruction theory [40] and which reconstructs the uncertain
and unknown time-varying quantities affecting the vehicle dy-
namics, then obtaining a convenient reduced-degree-of-freedom
model, and finally achieving a feedback control for the sought
tracking.

Contribution. The contribution of this paper is at least three-
fold. First, the paper presents an input-state observer that uses
only vehicle’s and wheel speed measures and that allows esti-
mating the current traction force, the resultant of the resistance
forces, and the so-called effective tire radius. An appealing
feature of the observer – and indeed its main novelty – is its
independence from the knowledge of the actual time-varying
traction model, the wind model, and the vehicle-specific rolling
and aerodynamic coefficients. Such an independence is in-
herited from the decoupling of state and input reconstruction
that is achieved by using so-called Unknown Input Observers
(UIO) [40]. The observer is computationally light, i.e. it consists
of a linear dynamic system of the same order of the vehicle
dynamics and a linear mapping reconstructing the unknown
inputs, it is directly implementable on embedded hardware, and

it is very fast. Contrarily to this solution, an EKF-based approach
requires adding additional states to the estimator, needs tuning
the entries of the covariance matrices, possesses no convergence
guarantees, and leads to a much slower estimation convergence.
Even a solution using windspeed measurement would require
converting the speed to the corresponding wind force, which
involves knowing the exact vehicle-dependent aerodynamic co-
efficients and which is not needed in the presented approach. As a
second contribution, under the assumption of small values for the
slip ratio variable (later defined), a reduced-degree-of-freedom
model for the vehicle’s dynamics is derived, which is indepen-
dent of the traction force. Based on this model and by using
data estimated by the input-state observer, the paper describes
a feedback control law that allows the asymptotic tracking of
aggressive maneuvers, while maintaining the slip ratio below
a desired threshold, irrespectively of the presence of external
disturbance and abrupt changes in the traction force. Thirdly,
the effectiveness and performance of the overall solution are
shown through a series of simulations, carried out first with a
nominal model, then adding system and measurement noise,
and subsequently by using the Vehicle Dynamics Blockset. This
last tool emulates more realistic driving conditions and allows
showing the robustness of the proposed approach also to model
uncertainties. Finally, real-time execution of the approach is
proved via the implementation on a real Raspberry PI hardware.

II. SYSTEM MODELING AND PROBLEM STATEMENT

The purpose of this section is to present the dynamical model
of a racecar and to formalize the estimation and control problems
that are addressed in this work.

A. Dynamic Model of the Vehicle

Consider a racecar with rear traction traveling along a flat and
straight road. Under the common assumptions of having tires
with identical geometric and inertial characteristics and traction
that can be generated instantaneously, the dynamic behavior
of the car is described by the so-called bicycle model [25].
Referring to such a model, by denoting with ω the speed of
the virtual rear wheel and with u the longitudinal velocity of the
vehicle, the following dynamic equations can be used

Iω ω̇ = T −Rω(u̇)Ft(ω, u, u̇) ,
m u̇ = Ft(ω, u, u̇)− Fa(u)− Fr(u) ,

(1)

where Iω is the wheel’s inertia along the rotation axis, m is
the vehicle mass, T is the input driving torque, Rω is the so-
called effective tire radius, Ft is the rear traction force, Fa is the
aerodynamic drag force, and Fr is the total rolling resistance
force summing up the effects at all tires.

Though the model appears to be very compact, its complexity
is actually encoded in every single term composing the dynamic
expressions in Eq. 1, whose analysis reveals that the model is still
in implicit form, thereby hindering the underlying estimation
and control problems. More precisely, the effective tire radius
Rω relates the rotational wheel velocity ω to the linear longi-
tudinal wheel velocity as it moves through the contact patch of
the tire with the ground [41]. It can be shown that Rω can be
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expressed according to the formula:

Rω =
sin(arccos(Rd/R))

arccos(Rd/R)
R , (2)

where R and Rd are the tire’s undeformed and dynamic radii,
respectively, the latter of which is obtained as follows:

Rd = R− Fz(u̇)

Kt
, (3)

with Fz the vertical force acting on the rear tire and Kt its
stiffness along the vertical direction. In turn, the vertical forceFz

is obtained as a static term, depending on the geometry of the car
and being present in conditions of constant longitudinal speed,
and a dynamic one directly proportional to the longitudinal
acceleration u̇ and expressing the normal load transfer between
front and rear axles during acceleration and braking phases. In
particular, it holds [25]

Fz =
m

l
(g a1 + h u̇) , (4)

with l is the wheelbase, i.e. the distance between the rear and
front axles, a1 is the distance between the front axle and the
vehicle’s center of mass, and h is the height of the center of
gravity from to the road. Based on this reasoning the effective
tire radius is in the general case a function of the instantaneous
longitudinal acceleration, i.e. Rω = Rω(u̇).

Moreover, the rear traction force Ft is highly dependent
on many factors, among which are the characteristics of the
road and the type of interaction between the tire and the road
asphalt. At the state-of-the-art only heuristic expressions are
available, which consist of static models providing the instan-
taneous traction force Ft as a function of the wheel speed ω,
longitudinal velocity u and acceleration u̇, and other parameters
to be ad-hoc identified (see e.g. [42]). For the sake of generality,
the dynamics considered in Eq. 1 does not refer to any of such
models, and as such the sought solution will do, while to evaluate
the proposed solution the so-called Burckhardt’s and Pacejka’s
formulas will be used later in Sec. V-C. Similar reasoning holds
for the expressions of the aerodynamic drag force Fa and rolling
resistance force Fr. Here, it is also assumed that the vehicle’s
pitching motion is limited and can occur only at the beginning
of the acceleration or braking phase. This allows neglecting the
effect of the suspensions on the vehicle’s dynamic behavior,
which is present only during short initial transients.

Furthermore, it can be assumed that the wheel’s and longi-
tudinal vehicle’s speeds are available. Indeed, in modern cars,
measurement of the wheel speed ω can be obtained from the
Antilock Brake System (ABS), while that of the vehicle’s longi-
tudinal speed u can be provided by speedometer sensors, whose
accuracy can be improved by fusion with GPS speed data [43]
and even LiDar measurement [44]. More precisely, speedome-
ters must provide by regulation a measured speed that is always
equal or greater than the real one, and never bigger than the 110%
of it, plus 4 km/h [45]. In practice, digital speedometers have a
lower upper bound of uncertainty of 2/3%. GPS speed accuracy
can vary and be affected by e.g. weather conditions, obstruction
by surrounding building, and sudden direction changes, but it
increases with the vehicle speed [46], as the ratio of positional

error to positional change is lower. It has been estimated, with
a typical GPS equipment, that the average measurement error
decreases from 4.55% at around 20 km/h down to 1.57% at 50
km/h. Combination of these sensors’ data allows then even better
performance.

Within this setting, the present work addresses the following
two problems:

Problem 1 (Estimation of Racecar Unknown Inputs): Given
the racecar’s dynamic model in Eq. 1, design a dynamic esti-
mator reconstructing the current traction force Ft, the overall
resistance force Fl = Fa(u)− Fr(u), and the effective tire ra-
dius Rω, by using only knowledge of the input driving torque T
and measurement of ω and u.

Problem 2 (Tracking Control with Disturbance Compensa-
tion): Given a racecar system described by the dynamic model
in Eq. 1, find a control law for the input driving torque T that
allows asymptotic tracking of a desired longitudinal velocity
ud(t) and that is independent of the traction and resistance force
model. By using information from the estimator solving the
problem above, the sought controller must be able to compensate
for the effect of disturbance and model uncertainties.

III. ESTIMATION OF RESISTANCE FORCE, TRACTION FORCE,
AND EFFECTIVE TIRE RADIUS

This section first recalls the theory on delayed unknown input
observers from [40] and then describes the design of an observer
allowing the estimation of the actual driving torqueT , resistance
force Fl, and effective radius Rω.

A. Delayed UIO—Theoretical Framework

UIOs allow simultaneous state estimation and unknown input
reconstruction by exploiting the equivalence between linear sys-
tem’s invertibility and unknown input observability [47], [48].
Consider a linear discrete-time system of the form

Xk+1 = AXk +B Uk ,
Yk = C Xk +DUk ,

(5)

where Xk ∈ Rn is a state vector, Uk ∈ Rm contains the un-
known inputs, Yk ∈ Rp is an output vector, A, B, C, and D
are suitable matrices. Given a time delay L, the history of the
system’s output YL

k = (Y T
k , · · · , Y T

k+L)
T , can be obtained as

YL
k = OLXk + HL UL

k , (6)

where UL
k = (UT

k , · · · , UT
k+L)

T is the input history, and
OL = (CT , (CA)T , (CA2)T , · · · , (CAL−1)T )T =

= (CT , (OL−1A)T )T ,
and

HL =

(
D 0

OL−1B HL−1

)
. (7)

are the L-step observability and invertibility matrices, respec-
tively. A discrete-time linear UIO is given by

X̂k+1 = E X̂k + F YL
k ,

Ûk = G

(
X̂k+1 −AX̂k

Yk − C X̂k

)
, (8)
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where E and F are observer matrices of suitable dimensions,
being designed such that X̂k → Xk and Ûk → Uk, and where
G = (BT , DT )T † is an input decoupling matrix, with full col-
umn rank, and P † is the pseudo-inverse of a matrix P .

The UIO existence conditions are stated in the following:
Proposition 1 (Existence of delayed UIO): Given a linear

dynamic system of the form in Eq. 5, an L-step delayed UIO
described by Eq. 8 exists if, and only if, there exist two matrices
E and F satisfying the conditions:

1) E is Schur, i.e. all its eigenvalues lay within the unit circle
of the complex plane,

2) E = A− F OL, and
3) F HL = (B, 0n×Lm).
Proof: Direct computation of the dynamics of the state esti-

mation error yields

ek+1 = X̂k+1 −Xk+1

= E X̂k + F YL
k −AXk −B Uk

= E ek + F YL
k + (E −A)Xk −B Uk

= E ek + (E −A+ F OL)Xk

+ F HL UL
k −B Uk,

which, under the theorem’s assumptions, reduces to ek+1 =
E ek, thereby guaranteeing convergence for every unknown
input signal Uk and every initial state e0.

The solvability of the third condition of Prop. 1 is ensured by
the system’s invertibility, as anticipated above, which is recalled
here for the reader’s convenience:

Proposition 2 (System Invertibility): A linear dynamic system
with state form as in Eq. 5, with state vector Xk ∈ Rn and Uk ∈
Rm, is invertible with delay L if, and only if, the condition

rank
(
HL
)
= m+ rank

(
HL−1

)
(9)

is satisfied for someL � n, where rank(H−1) = 0 by definition.
Moreover, the design procedure allowing the computation of

the sought matrices E, F , and G can be found in [40], [49],
and it is shortly presented below. More precisely, to be able to
reconstruct the system state Xk, it is necessary to determine
matrices E and F so that E is Schur, E has the structure
described in the second condition and involving F , and finally,
F satisfies the third condition. It is then natural to proceed in
the reverse direction, by starting from the computation of F .
The third condition of Prop. 1 requires that matrix F ∈ Rn×Lp

is in the left nullspace of the last Lm columns of the L-step
invertibility matrix HL. Under the iterative rule expressed in
Eq. 7, this requirement translates in asking that the last Lm
columns of F be in the left nullspace of the matrix

HL
2 =

(
0

HL−1

)
.

Having then denoted with N̄L−1 a basis of the left nullspace of
HL−1, the matrix (

Ip 0
0 N̄L−1

)

is a basis of the left nullspace of HL
2 . This means that any

linearly independent combinations of the rows of N̄L satisfy,
by construction, the relation:

W

(
Ip 0
0 N̄L−1

)
HL = W

(
D 0

N̄L−1OL−1 B 0

)
,

whereW is a free invertible matrix collecting all the combination
coefficients. Moreover, Eq. 9 implies that the rank of matrix(

D
N̄L−1OL−1 B

)
is m, and thus it is possible to choose W =

(WT
1 ,WT

2 )T so that its bottom m rows W2 and top remaining
ones W1 are a left inverse and in the left nullspace of the above
matrix, respectively. Namely, the matrix

N = W

(
Ip 0
0 N̄L−1

)
(10)

is such that

N HL =

(
0 0
Im 0

)
.

This reasoning suggests that F can be found by factorizing it as
F = (F1, F2)N , which allows obtaining

F HL = (F1, F2)

(
0 0
Im 0

)
= (B, 0) ,

from which it is obvious thatF2 = B andF1 is a free matrix. The
second condition of Prop. 1 then becomes E = A− (F1, B)S
with

S =

(
S1

S2

)
= NOL , (11)

where S2 is composed of the bottom m rows of S. Matrix E is
rewritten as

E = A−B S2 − F1 S1 , (12)

where F1 is a free matrix which is finally chosen to ensure that
all its eigenvalues are within the unit circle.

Finally, the unknown inputs can be reconstructed by rearrang-
ing the state form equations as:(

Xk+1 −AXk

Yk − C Xk

)
=

(
B
D

)
Uk , (13)

which, under the assumption that (BT , DT )T is full column
rank, can be inverted via a matrix G such that

G

(
B
D

)
= Im . (14)

Indeed, by left-multiplying both members of Eq. 13 by G and
replacing Xk with its best available estimate X̂k, we finally
obtain the last relation in Eq. 8.

B. Design of the Proposed Estimator for the Racecar Model

In order to estimate the sought unknown inputs affecting the
racecar, it is first necessary to obtain a time-discretized version
of the model described in Eq. 1. To this purpose, by introducing
a sampling time δ and approximating all time derivatives by
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their first-order Euler approximations, the following discrete-
time system is obtained:

ωk+1 = ωk − δ

Iω
Rω,k Ft,k +

δ

Iω
Tk ,

uk+1 = uk +
δ

m
(Ft,k − Fa,k − Fr,k) ,

(15)

where ωk = ω(kδ), uk = u(kδ), Rω,k = Rω(kδ), Ft,k =
Ft(kδ), Fa,k = Fa(kδ), Fr,k = Fr(kδ), Tk = T (kδ), and k is
a discrete time step. Therefore, one can define the current state
sample vector as Xk = (ωk, uk)

T .
As a second step, in order to apply the methodology described

above, it is instrumental to consider all forces and torque acting
on the system as unknown inputs, and thus defined the unknown
input sample vector as

Uk =

(
U1,k

U2,k

)
=

(
Tk −Rω,k Ft,k

Ft,k − Fl,k

)
, (16)

where Fl,k = Fa,k + Fr,k is the total resistance force. More
precisely, this choice is motivated by the necessity to ensure
the satisfaction of the invertibility condition of Prop. 2. Indeed
the below obtained input matrix is full column rank. Assume
also that both state variables are available as system outputs,
which, as clarified above, can be read by encoders mounted on
the wheels and a speedometer measuring the longitudinal speed.
Accordingly, Eq. 15 can be rewritten as

Xk+1 = AXk +B Uk , (17)

where the remaining matrices are given by

A = I2×2 , B =

(
δ
Iω

0
0 δ

m

)
, C = I2×2 , D = 02×2 . (18)

Given the above discrete-time state form of the racecar’s
dynamic model, the following result can be stated, which solves
Prob. 1:

Theorem 1 (Traction and Resistance Forces Estimator):
Given a discrete-time state form as in Eq. 5, a UIO system
estimating the state of the system and its unknown inputs is
described by the state-form in Eq. 8, where the delay step is
L = 1 and

E =

(
λω 0
0 λu

)
, F =

(−λω 0 δ
Iω

0
0 −λu 0 δ

m

)
,

G =

(
Iω
δ 0 0 0
0 m

δ 0 0

)
, (19)

where λω and λu are free constants that can be chosen so as
to allocate the estimation error eigenvalues. Moreover, given
the estimated unknown inputs Ûk = (Û1,k, Û2,k)

T , best-effort
estimates of the dynamic tire radius, the traction force and
total resistance forces, respectively, are given by the following
formulas:

R̂d,k = R− F̂z,k

Kt
= R− mga

lKt
− h

lKt
Û2,k , (20)

and

(
F̂t

F̂l

)
=

⎛
⎜⎜⎜⎝

T − Û1,k

R̂ω,k

T − Û1,k

R̂ω,k

− Û2,k

⎞
⎟⎟⎟⎠ . (21)

Finally, a best-effort estimate of the effective tire radius R̂ω,k is
obtained by using Eq. 2 and the estimate R̂d,k from Eq. 20.

Proof: The proof proceeds by determining first the required
step delay L, then the estimators matrices, and finally proving
the unknown input reconstruction formulas.

1) Delay Computation: As a first step, one has to deter-
mine the required delay step L. According to Prop. 2, the
sought delay can be found by searching the smallest inte-
ger L satisfying condition 9. This shows that L = 1 since
the invertibility matrices in 0 and 1 steps, respectively, are
H0 = D = 02×2 ,

H1 =

(
D 0
CB D

)
=

⎛
⎜⎜⎜⎝

0 0 0 0

0 0 0 0
δ
Iω

0 0 0

0 δ
m 0 0

⎞
⎟⎟⎟⎠ .

As the first two

columns of H1 are linearly independent while the other ones are
null, or equivalently the last two columns are linearly indepen-
dent while the first two are null, it holds rank(H1)− rank(H0) =
2 − 0 = 2 = m, which is the number of unknown inputs.

2) Design of the Estimator: We can now proceed to design
the one-step delayed observer for system of Eq. 17 and 18. Given
that m = 2 and L = 1, the third condition of Prop. 1 requires
that matrix F satisfies the equation F H1 = (B, 02×2) , which
implies that F has to be in the left nullspace of the last Lm = 2
columns of the one-step invertibility matrix H1. Since H0 is null,
a basis of its left nullspace can be described by matrix N̄ 0 = I2.
According to the reasoning expressed in subsection III-B, matrix

W has to be found such that W

⎛
⎜⎜⎝

0 0
0 0
δ
Iω

0
0 δ

m

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

0 0
0 0
1 0
0 1

⎞
⎟⎟⎠ . A pos-

sible choice of W is thus W =

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 Iω

δ 0
0 0 0 m

δ

⎞
⎟⎟⎠ and correspond-

ingly N = W

(
I2 0
0 N̄ 0

)
= W . Moreover, by using the 1-step

observability matrix O1 =

(
1 0 1 0
0 1 0 1

)T

one can obtain from

the relation S = NO1 (see Eq. 11) the following sub-matrices:

S1 = I2 , S2 =

(
Iω
δ 0
0 m

δ

)
. According to Eq. 12, the estima-

tion error dynamics is given by E = A−B

(
Iω
δ 0
0 m

δ

)
− F1 =(

0 0
0 0

)
− F1 . Since all eigenvalue of E are already inside the

unit circle (and indeed in the origin), matrix F1 can be null.
More generally, if the eigenvalues are required to be placed at
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λω and λu, the output injection matrix F1 can be chosen as in
Eq. 19. Finally, having guaranteed by the choice of the unknown
inputs, that the matrix (BT , DT )T is full column rank, it is
possible to find a matrix G that satisfies Eq. 14. For the system

in consideration, this relation isG

(
B
D

)
= G

⎛
⎜⎜⎝

δ
Iω

0
0 δ

m
0 0
0 0

⎞
⎟⎟⎠ = I2 ,

whose solution can be computed via the pseudo-inverse and
gives the expression reported in Eq. 19.

3) Refinement of the Effective Tire Radius Estimate: Once the
current value of the unknown input Ûk has been reconstructed,
one can observe that its second component Û2,k represents the
total force acting along the vehicle’s longitudinal direction (cf.
the second equation of the model in Eq. 1). As such, an estimate
ˆ̇uk of the instantaneous longitudinal acceleration u̇ of the racecar
can be obtained by dividing for its mass m, i.e. as

ˆ̇uk =
Û2,k

m
. (22)

This enables first obtaining a more accurate, best-effort esti-
mate F̂z,k of the tire’s normal (vertical) load Fz via Eq. 4,

that is F̂z,k =
m

l
(g a+ h

Û2,k

m
) =

a

l
mg +

h

l
Û2,k , which can

be used to reach the best-effort dynamic tire radius estimate
R̂d,k described in Eq. 20, and finally the corresponding one for
the effective tire radius R̂ω,k, which is more accurate than the
a-priori value Rω,0.

4) Computation of the Traction and Resistance Forces: Af-
ter having reconstructed the current effective tire radius R̂ω,k,
based on the fact that the wheel drive torque T is known, the
traction and resistance forces can be algebraically derived by
solving the following system in Eq. 16 with respect to them,

that is

(
Û1,k

Û2,k

)
=

(
T − R̂ω,k F̂t

F̂t − F̂l

)
which yields the formulas

described in Eq. 21.

IV. THE PROPOSED SPEED CONTROL WITH ACTIVE

DRAG COMPENSATION

The scope of this section is to reformulate the dynamical
model of a racecar, in a way that makes it independent of the
traction force Ft, and to describe a nonlinear speed controller
actively compensating the estimated resistance forces. More in
detail, the challenge in controlling the vehicle’s longitudinal
dynamics stems in coping with the highly unknown and time-
varying functions describing e.g. the traction Ft and resistance
Fl forces. Such a function may dynamically vary depending
on the tire and asphalt interaction, temperature, etc. These
variations can adversely affect the vehicle’s motion stability,
especially in racecars when e.g. an opponent car in the wake
entails a significant drop in the aerodynamic load. Therefore,
it is mandatory to develop, as we do below, a control law that
is independent of the mathematical formulas describing such
functions and that uses only reconstructed data obtained e.g. by
the above proposed UIO.

Fig. 2. Characteristics of the friction coefficient μ for various nominal types
of tire/road surface [26]. Maximum values are attained for slip ratios in the
range [0.06, 0.17]. The instantaneous traction force Ft is related to the friction
coefficient via the formula in Eq. 39.

A. Dynamic Model Reformulation

To achieve independence on the highly unknown traction
forceFt, it is convenient to rewrite the system’s model described
in Eq. 1 to make this term disappear and reach an explicit form
of the state dynamics. To this aim, first, solve the first expression

in Eq. 1 for Ft, which yields: Ft(ω, u, u̇) =
T − Iω ω̇

Rω(u̇)
, and

substitute it in the second expression of Eq. 1, leading to

mu̇ =
T − Iω ω̇

Rω(u̇)
− Fa(u)− Fr(u) . (23)

Moreover, it is known that the traction force Ft depends on the
slip ratio σ, a quantity that will be defined later in Eq. 38. It is
worth noticing that Ft reaches its maximum for slip ratio values
that range between 0.06 and 0.17, depending on the tire/road
surface, and then decreases for larger values [26] (Fig. 2). It
is therefore desirable to control a car’s motion, while main-
taining σ small or practically null, which becomes particularly
advantageous in the context of racecars as the obtained traction
force is maximized. Under this assumption, it can be shown
that the effective tire radius Rω coincides with the time-varying
coefficient instantaneously translating the wheel speed ω to that
of the vehicle’s longitudinal velocity u, via the ratio [50]:

Rω =
u

ω
. (24)

Rewriting this equation as u = Rω ω and computing its time-
derivative allow obtaining u̇ = Ṙω(u̇)ω +Rω(u̇) ω̇ whose so-
lution for the wheel acceleration ω̇ is

ω̇ =
u̇− Ṙω(u̇)ω

Rω(u̇)
, (25)

which, substituted in Eq. 23, allows achieving the expression:

mR2
ω(u̇) + Iω

R2
ω(u̇)

u̇− Ṙω(u̇)

R2
ω(u̇)

Iω ω − T

Rω(u̇)
= −Fa(u)− Fr(u) .

(26)
While the exact differential system, described in the above
equation, is still implicit, due to the nonlinear dependency on u̇,
which does not allow its factorisation as a multiplicative term, a
nonlinear yet simplified model can be obtained by observing the
following. First, it is worth noticing that the racecar is nominally
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intended to be operated at regimes with piecewise-constant (even
null) longitudinal accelerations, i.e. with ü = 0 for almost all
times. Therefore, by this assumption, the effective tire radius
Rω(u̇) becomes exactly constant and its derivative identically

null. Indeed, it holds: Ṙω(u̇) =
∂Rω(u̇)

∂u̇
ü = 0 .Therefore, indi-

cating, as above, the total resistance force as Fl(u) = Fa(u) +
Fr(u) , the following traction-force independent model of the
longitudinal dynamics of a racecar is obtained:

(
m+

Iω
R2

ω(u̇)

)
u̇ =

T

Rω(u̇)
− Fl(u) . (27)

Remark 1: Note that, under the above assumptions, the
wheel’s dynamics in Eq. 25 also simplifies as ω̇ = u̇/Rω,0, thus
solving the problem of trajectory tracking for u, also ensures
tracking of the corresponding wheel tracking. Therefore, the
stability of the above-obtained model guarantees that of the
wheel’s dynamics, namely, the system dynamics is reduced to a
one degree of freedom.

B. Control System Design

The above reformulation of the dynamic model, from Eq. 1
to Eq. 27, enables a great simplification in the derivation of a
controller, as it is shown in the following result, which solves
Prob. 2:

Theorem 2: Given a racecar described by the dynamic model
in Eq. 27, a desired trajectory ud(t) for the car’s longitudinal
velocity, and a desired convergence speed κ > 0 for the tracking
error eu = u− ud, the best-effort feedback and feed-forward
control law described by

T =
mR̂2

ω,k + Iω

R̂ω,k

(
u̇d −

κ

2
(u− ud)

)
+ R̂ω,k F̂l(u) , (28)

where R̂ω,k and F̂l are the estimated effective tire radius and
resistance forces obtained by means of Eq. 20 and Eq. 21,
respectively, ensures exponential asymptotic tracking of ud and
requires no information about the traction force Ft.

Proof: Let us first introduce the positive quantity m∗(u̇) =
m+ Iω

R2
ω(u̇) . In order to design a control law allowing the

tracking of a desired velocity ud, or equivalently, ensuring that
the tracking error eu exponentially converges to zero, consider
the Lyapunov control function V (eu) =

1
2m

∗(u̇) e2
u, which is

positive definite around eu = 0 and whose directional derivative
is V̇ = eu m

∗(u̇) ėu. By plugging the expression of the system’s
dynamics described in Eq. 27 into the quantity m∗(u̇) eu =
m∗(u̇) u̇−m∗(u̇) u̇d, and then substituting the result into the
above expression of the Lyapunov’s directional derivative yields

V̇ = eu

(
T

Rω(u̇)
− Fl(u)−m∗(u̇) u̇d

)
. (29)

To guarantee the asymptotic stability of the equilibrium point
eu = 0, V̇ must be negative definite. To obtain also that a
desired convergence speed of κ is achieved, one can impose

the expression in Eq. 29 to be equal to

V̇ = −κV = eu

(
−κ

2
m∗(u̇) eu

)
, (30)

which leads to the condition
T

Rω(u̇)
− Fl(u)−m∗(u̇) u̇d =

−κ
2 m

∗(u̇) eu and, then, to the following formula for the driving

torque: T = m∗(u̇)Rω(u̇)(u̇d −
κ

2
(u− ud)) +Rω(u̇)Fl(u) .

Under the assumption that the UIO described in Th. 1 has
converged, one can replace the unknown quantities Rω and Fl

with the estimated ones, R̂ω,k and F̂l, respectively, and thus
obtain the best-effort control described in Eq. 28.

Finally, with the above choice of T , the solution of the
differential equation described by the first two members of
Eq. 30 is V (t) = e−κt V (0), with V (0) = 1

2m
∗(u̇(0)) e2

u(0),
that exponentially converges to zero with speed κ. This result
also concludes the proof.

Remark 2 (Maximum Deliverable Torque): During accelera-
tion or deceleration phases, a longitudinal wheel’s slip ratio σ,
which will be defined later in Eq. 38 of Sec. V), always occurs.
The reduced-degree-of-freedom model of Eq. 27 has been found
under the hypothesis of a null slip, but it remains valid also for
small values of such a variable. To ensure that the absolute value
of the slip ratio is kept within a threshold σ̄, the driving torque
function in Eq. 28 is replaced by the formula

T =
Iω

R̂ω,k

ˆ̇u+ R̂ω,k

(
F̂l,k + |F̂t,k − F̂l,k| sign(σ)

)
, (31)

whenever the condition |σ| ≥ σ̄ is detected.
To explain this choice, it is first convenient to find a differential

equation for the slip ratio variable σ. During an acceleration
phase with ud > u, the (positive) slip ratio variable is σ =
1 − u/(ωRω) (cf. the first expression of Eq. 38). Rewriting its
definition as u− (1 − σ)wRω = 0 and differentiating it with
respect to time yields u̇+ σ̇ ω Rω − (1 − σ) ω̇ Rω = 0. Solving
this last equation for σ̇ and using the equivalence u̇ = Rω ω̇
(valid for small σ) gives

σ̇ = − u̇

u
σ . (32)

During a deceleration phase (ud < u and σ < 0), the slip ra-
tio is defined as σ = ωRω/u− 1 (cf. the second expression
of Eq. 38). With a similar reasoning as above, one obtains
σ̇ u+ (1 + σ) u̇− ω̇ Rω = 0, whose solution for σ̇ gives again
the formula in Eq. 32.

Moreover, for a vehicle moving forward (u > 0) with a slip
ratio having reached a maximum allowed value, i.e. σ ≥ σ̄ > 0,
it must be ensured that the condition σ̇ < 0 holds, which is satis-
fied if u̇ > 0. A possible choice for the driving torqueT ensuring
the above condition is T = Iω

Rω
u̇+Rω(Fl + |Ft − Fl|), which,

plugged into the vehicle’s longitudinal dynamics of Eq. 27,
yields (m+ Iω

R2
ω
)u̇ = Iω

R2
ω
u̇+ |Ft − Fl| , and hence

mu̇ = |Ft − Fl| ≥ 0 . (33)

The simultaneous satisfaction of σ̇ ≤ 0 and u̇ ≥ 0 implies that
the car is controlled so that to reduce the slip ratio σ while
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TABLE I
INERTIAL AND GEOMETRIC PARAMETERS OF A RACECAR AS IN THE ROBORACE

CHALLENGE [17]

still increasing (or at least not decreasing) its speed u toward
the desired value ud. Conversely, if the slip ratio has reached
a minimum allowed value (σ ≤ −σ̄ < 0), it must occur that
σ̇ > 0 and thus that u̇ < 0. For this case, the choice T = Iω

Rω
u̇+

Rω(Fl − |Ft − Fl|) allows obtaining the longitudinal vehicle’s
speed dynamics

mu̇ = −|Ft − Fl| ≤ 0 . (34)

The simultaneous conditions σ̇ ≥ 0 and u̇ ≤ 0 enables to main-
tain small the slip ratio while the car’s velocity is reduced
toward the desired ud. It is straightforward to see that the above
two choices for T can be combined together, thereby leading
to Eq. 31, where the unknown quantities have been replaced
with their corresponding estimates. One can notice that, the
condition Ft = Fl, for which σ̇ = u̇ = 0, can only happen for
specific combinations of the tire/road surface and the vehicle’s
aerodynamic coefficients, and in fact it may only be present for
few instants. Therefore, the inequalities in Eq. 33 and Eq. 34
are practically always satisfied in the strict sense, and so are the
ones involving σ̇.

V. SIMULATION, VALIDATION, AND PERFORMANCE

COMPARISON

This section validates the effectiveness of the proposed esti-
mation and control approach, and it compares it to the perfor-
mance achieved by using an EKF. The evaluation and compari-
son are carried out via simulations realized in Matlab/Simulink
environment. Numerical data used to develop the simulations
refer to the setting of a Robocar, one of the self-driving racecars
participating in the Roborace Challenge [17]. Geometric and
inertial parameters of the car are summarized in Table I.

A. Numerical Implementation of the Proposed UIO

Referring to the numerical values reported in Table I and
choosing a sampling time δ = 10−3 s the effective tire radius
corresponding to null acceleration u̇ = 0 is Rω,0 = 0.5 [m] and
the matrices of the racecar model in Eq. 18 becomes A =

I2 , B =

(
8.89 · 10−3 0

0 7 · 10−7

)
. Moreover, by choosing the

observer eigenvalues λω = −0.02 and λu = 0.02 to be small
but not coincident, so that to reduce the numerical sensitivity of

the filter, the UIO matrices from Th. 1 becomes

E =

(−0.02 0
0 0.02

)
,

F =

(−0.02 0 8.89 · 10−3 0
0 0.02 0 7 · 10−7

)
,

G =

(
1.1248 · 102 0 0 0

0 1.429 · 106 0 0

)

B. Design of the Comparative EKF for Unknown
Input Estimation

Let us briefly recall in the following the theoretical framework
of an EKF (cf. e.g. [51], [52]) and show how this can be used
for estimating the unknown inputs of our system. Consider a
generic discrete-time process governed by a stochastic differ-
ence equation of the form

Zk+1 = f(Zk, Uk,Wk) ,

Yk = h(Zk, Vk) , (35)

where Zk is a state vector, Uk are known inputs, Yk is the
output vector, Wk and Vk are the process and measurement
noise, respectively, f and h are possibly nonlinear functions
describing the system dynamic and output maps. Wk and Vk

are assumed to be independent random processes with white
Gaussian distributions and time-varying covariance matrices
denoted as Qk and Rk, respectively.

As it is known, an EKF for a dynamic system of the form
in Eq. 35 consists of a two-phase algorithm during which an
a-priori estimate Ẑ−

k of the system state Zk and an a-posteriori
one Ẑk are computed. More precisely, Ẑ−

k is calculated during
the state prediction phase based on knowledge of the process
before the arrival of the k-th measurement Yk; afterward, the
state update phase realizes a feedback mechanism incorporating
the new measures in the a-priori estimate Ẑ−

k so to obtain the
improved a-posteriori one Ẑk. The a-priori and a-posteriori esti-
mation processes are characterized by the following covariance

matrices:
P−
k = E[(Zk − Ẑ−

k )(Zk − Ẑ−
k )

T ] ,

Pk = E[(Zk − ẐK)(Zk − Ẑk)
T ] ,

where E[·] is the

expectation value operator. We also recall that, compared to a
linear Kalman filter, an EKF differs in the fact that the matrices
involved in the Riccati equations are obtained by linearization
of the nonlinear state equations in 35, around the state estimated
during the previous step. The EKF operation is summarized in
Algorithm 1 [53].

Moreover, given a dynamic system in the form of Eq. 35, a
common approach to use EKF for allowing, as in the scope of
the present work, both state and unknown input reconstruction,
requires to enhance the system state with additional variables
representing such unknown inputs. To model the evolution of
these newly added variables, the random walk process dynamics
is assumed [54]. In the present case of the racecar, the traction
force Ft and resistance force Fl are added as variables and the
system state becomes Zk = (ωk, uk, Ft,k, Fl,k)

T , and, starting
from the two difference relations in Eq. 15, its corresponding
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Algorithm 1: Modified EKF for Racecar Unknown Input
Estimation.

loop
Ẑ−
k+1 = f(Ẑk, Uk) �Compute the a-priori estimate

Ŷk = h(Ẑ−
k ) �Compute predicted measures

Ak =
∂f(Zk, Uk)

∂Zk Zk=Ẑ−
k+1

�Compute dynamic map

Jacobian

Hk =
∂h(Zk)

∂Zk Zk=Ẑ−
k+1

�Compute dynamic map

Jacobian
P−
k+1 = Ak Pk A

T
k +Qk �Compute the a-priori error

covariance
wait untill Yk is available
Kk = P−

k+1 H
T
k (Hk P

−
k+1H

T
k +Rk)

−1 �Update
Kalman gain
Ẑk = Ẑ−

k +Kk(Yk − Ŷk) �Update the a-posteriori
estimate
Pk+1 = (I −Kk Hk)P

−
k �Update the a-posteriori

error covariance
end loop

dynamics becomes

ωk+1 = ωk + (Tk −Rω,k Ft,k) δ/Iω + w1,k ,

uk+1 = uk + (Ft,k − Fl,k) δ/m+ w2,k ,

Ft,k+1 = Ft,k + w3,k ,

Fl,k+1 = Fl,k + w4,k . (36)

Analogously to the setting of the UIO, the quantities available for
measurement are the wheel speed ωk and longitudinal vehicle’s
velocity uk. Then, the output vector is obtained as

Yk =

(
1 0 0 0
0 1 0 0

)
Zk + Vk , (37)

where Vk = (v1,k, v2,k)
T is the output noise. The Jacobian ma-

trices of the dynamic and output maps from 36 are

Ak =

⎛
⎜⎜⎝

1 0 −Rω,kδ/Iω 0
0 1 δ/m −δ/m
0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ , Hk =

(
1 0 0 0
0 1 0 0

)
.

Under similar reasoning as for the UIO in Sec. III-B, once the
last two entries of the augmented state vector Zk, representing
estimates of the traction Ft,k and resistance Fl,k forces, respec-
tively, have been reconstructed by the EKF, one can obtain the

instantaneous longitudinal acceleration as ˆ̇u =
F̂t,k − F̂l,k

m
=

Ẑ3,k − Ẑ4,k

m
by inverting the second relation of Eq. 1. Plugging

this result in the load weight formula in Eq. 4 allows obtain-
ing F̂z = m

l (g a1 + h ˆ̇u) = mg a1
l + h

l (Ẑ3,k − Ẑ4,k) , which
finally allows the reconstruction of the current effective tire
radius, R̂ω,k from Eq. 2 and 3.

Finally, referring to the numerical value listed in Table I, the
Jacobian matrix of the dynamic map becomes

Ak =

⎛
⎜⎜⎝

1 0 −R̂ω,k · 1.125 · 10−3 0
0 1 8.89 · 10−3 −8.89 · 10−3

0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ .

C. Simulation Results

To validate and assess the effectiveness of the proposed solu-
tion, the estimation and control approaches presented here have
been tested in simulation within the Matlab/Simulink environ-
ment. A Robocar model characterized by the parameters listed
in I has been used. Two scenarios have been considered in which
the racecar is required to track a series of aggressive maneuvers
as described below.

1) First Simulation Scenario: The first scenario includes the
following components:

Traction force model Ft: A well-known formula that used
to describe the effect of interaction between a car’s tire and
the road asphalt and, more precisely, that allows obtaining the
instantaneous traction force Ft as a nonlinear function of the
vehicle’s velocity u, wheel speed ω, and terrain properties, is
the so-called Burckhardt tire model [26]. Having denoted with

σ(ω, u) =

⎧⎪⎪⎨
⎪⎪⎩

1 − u

ωRω
, if ωRω > u (acceleration phase) ,

ωRω

u
− 1 if ωRω < u (braking phase) ,

(38)
the longitudinal slip ratio, the instantaneous friction coefficient
can be described as μ(σ) = μ1(1 − e−μ2 |σ|)− μ3 |σ| ,where μ1

represents its maximum value, μ2 defines its curve shape, and
μ3 indicates the difference between the coefficient’s maximum
value (μ1) and that obtained at full slip ratio with σ = 1. The
values of the constants μi depend on the instantaneous kind of
tire-asphalt interaction and thus may with time as the car moves.
Then, the traction force Ft can be computed as

Ft(ω, u, u̇) = μ(σ)Fz(u̇) , (39)

where Fz is the normal component of the rear wheel load, i.e.
the portion of the vehicle’s weight applied to the tire, which can
be obtained via Eq. 4. For the simulated scenario, the considered
kinds of tire-asphalt interactions are dry-dry, dry-wet, and dry-
ice. The corresponding values for allμi can be found e.g. in [42],
[55], [56], which were obtained by curve-fitting experimentally
obtained data. According to Remark 2, a conservative yet not
too stringent value for the slip ratio threshold σ̄ has been chosen
equal to 0.08, so as to maintain the reduced-degree-of-freedom
model valid.

Resistance force model Fl: The rolling resistance force Fr is
known to be a function of the total normal load Fz(u̇) acting
on the tire, which in turn depends on the vehicle’s velocity.
However, as shown in [50], it is possible to approximate such
a function by using a fourth-order Taylor expansion of the
longitudinal velocity u, i.e. Fr(u) = r0 + r1 u+ r2 u

4 , where
the constants ri depend on the tire characteristics. As in [50],
we have assumed that the racecar is provided with radial tire
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Fig. 3. Scenario #1.1 (Dry Asphalt): Typical simulation run where the racecar travels along a straight and dry road and is required to track a longitudinal velocity
profile ud(t), when a sudden wind gust hits the vehicle at t = 2. The UIO is effectively able to reconstruct the unknown inputs and that the controller can track
the desired trajectory and rapidly compensate for the effect of all resistances and disturbances.

types for which typical values of these constants are used:
r0 = 9.91 · 10−3, r1 = 1.95 · 10−5, and r2 = 1.76 · 10−9. More-
over, the aerodynamic drag forceFa is obtained according to the
well-known relationship: Fa(u) =

1
2 ρS Cx (u+ uw)

2 , where
ρ is the air density, S the frontal surface of the vehicle, Cx

the aerodynamic drag coefficient along the longitudinal axis
and uw is the wind speed. Simulations address the case where
the racecar travels at sea-level, and hence the air density is
around ρ = 1.225 Kg/m3, and assume the following values for
the car parameters: S = 2 m2 and Cx = 0.3. In the nominal
cases, the resistance force is then given by Fl(u) = Fr + Fa =
r0 + r1 u+ 1

2 ρS Cx u
2 + r2 u

4 .
Wind Gusts: Simulations aim also at testing the ability of the

proposed estimation and control solution to cope with distur-
bance due to wind gusts. Such unknown inputs are described
via the Dryden turbulence model [57], according to which
the linear and angular speed components of a continuous gust
can be represented as spatially-varying stochastic processes. In
particular, the model specifies for the longitudinal component
of the gust velocity the following power spectral density Φu =

2σ2
uLu

πV

V 2

V 2 + L2
uω

2
g

where Lu is the turbulence scale length, V is

the airspeed,σu is the turbulence intensity, andωg is the temporal
frequency of the gust.

To generate a turbulence signal that has a similar frequency
spectrum as Dryden power spectral density the Dryden con-
tinuous filter is used, derived from the square roots of the
Dryden power spectrum. This filter can be expressed through
the following transfer function:

Hu(s) = σu

√
2Lu

πV

1

1 + Lu

V s
(40)

We have discretized a length of the turbulence scale for a low
altitude region, as described extensively in [57], having chosen:
a height from sea level h = 6m, an airspeed V = 50m

s and a
level of turbulence described by W20 = 15Knots. Finally, to
simulate the magnitude of the wind force, the value of the wind
speed coming from the Dryden model is added to that of the
longitudinal speed in the discretization of the aerodynamic drag
force. The Matlab implementation of the wind gust model can
be found in [58].

Within this scenario, three typical simulation runs have been
conducted. The first simulation reproduces a situation in which
the racecar is assumed to be traveling along a straight and dry
road and is required to track a longitudinal velocity profileud(t),
when a sudden wind gust instantaneously hits the vehicle. Fig. 3
shows the dynamic behavior of the closed-loop system, using
the proposed UIO from Th. 1 and the controller proposed in
Th. 2. The simulation shows that the UIO is effectively able
to reconstruct the unknown inputs and that the controller can
track the desired trajectory and rapidly compensate for the effect
of the disturbances. Fig. 3 also show how the proposed UIO
performs better than the Kalman-based approach, while also
not requiring any information about the unknown inputs. More
specifically, the unknown input estimates obtained by the UIO
always converge faster than those of the EKF. This becomes
more apparent when the car reaches the cruise speed at t = 8
seconds and the traction force Ft is immediately reduced as
it only needs to compensate for the dissipative forces. This
slower behavior of the EKF is explained as follows. In the
EKF, the unknown inputs are variables of the estimator with
a random-walk dynamics. The entries of the covariance matrix
Pk associated with such variables converges to appropriate small
quantities, thus reducing with time the adaptability of the filter to
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Fig. 4. Scenario #1.2 (Changing Driving Conditions): The racecar is assumed to be traveling along a straight with variable tire-road conditions, switching from
dry (t < 4) to wet (4 < t < 12) to snow (12 < t < 15) and finally to ice (t > 15). A sudden wind gust is applied at t = 2. The proposed estimation and control
approach is capable of simultaneously coping with both types of uncertainties and disturbance.

newer measures. Moreover, the performance of a more elaborate
EKF, based also on the knowledge of the traction and resistance
force models, would not only be dependent on the accuracy of
these models and the choice of the covariance matrix, but it
would also require a-priori knowledge of the type of tire-road
interface, which is unnecessary for the UIO. The second type
of simulation run refers to the case where the racecar travels
on a straight road with variable tire-road conditions, switching
from the dry road, to wet, to snow, and finally to icy road.
A sudden wind gust is also considered to show the ability
of the method to cope simultaneously with different types of
uncertainties. In this case, it is more evident as the proposed
UIO is more efficient than the EKF since, the latter, is not able
to quickly estimate the sudden changes of tire-road friction. The
obtained results are reported in Fig. 4. The scenario of the third
simulation is identical to that of the first simulation but with the
addition of measurement noise. The results reported in Fig. 5
show as the UIO can estimate the traction force and the other
resistance forces to vehicle’s motion even in the presence of
noise, more effectively than the EKF. It can be observed that,
since both the system’s states and unknown inputs become state
variables of the EKF, the effect of measurement noise on their
reconstruction is largely attenuated by the robust property of
the filter itself. As a consequence, the estimated signals display
only very small fluctuations. This is achieved at the expense
of a larger observer’s state and a much slower estimation error
convergence. Moreover, in the case of the UIO, only the system’s
states are included as observer variables, and consequently
filtered, while the unknown inputs are statically reconstructed
by using the formulas in Eq. 20 and 21. Consequently, the state

estimates obtained via the UIO have small fluctuations, that are
comparable with those of the EKF, while the residual noise,
present in such estimates, is directly propagated to the values
of estimated unknown inputs. Nonetheless, the estimation error
convergence in the UIO is much faster. It is also worth noticing
that the proposed controller still guarantees the pursuit of the
desired speed profile by committing a negligible tracking error.
However, at steady state, small fluctuations of the tracking error
can be seen with a maximum absolute value of about 0.02 m/s.

2) Second Simulation Scenario: In this scenario, a simula-
tion was performed by using the Vehicle Dynamics Blockset
available for Simulink [59]. The dynamic behavior of the vehicle
has been simulated through two sub-blocks: 1) Longitudinal
Wheel [60] and 2) Vehicle Body 1DOF Longitudinal [61].
The first allows implementing the longitudinal behavior of an
ideal wheel and it is also possible to specify the simulation
method of the traction force and the rolling resistance as well
as obtaining a series of functional parameters, such as e.g.
the torque required for a certain driving cycle. Instead, the
second implements a one-degree-of-freedom (1DOF) rigid ve-
hicle with constant mass undergoing longitudinal motion. In
this simulation has been reproduced a situation in which the
racecar is assumed to be traveling along a straight and dry road,
simulated through Pacejka’s model, in order to track a longitu-
dinal speed profile ud(t). The accuracy of the data obtained via
the Vehicle Dynamics Blockset is ensured by the use of internal
nonlinear models, which are uniformly valid within the car’s
operating range and whose parameters have been set to the values
of common driving conditions. More precisely, the so-called
Pacejka’s Magic Formula is used, which allows computing the
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Fig. 5. Scenario #1.3 (Measurements noise): The racecar travels along a straight and dry road and tracks a longitudinal velocity profile ud(t), when a sudden
wind gust hits the vehicle at t = 2, in the presence of noise on the measurements. The UIO can reconstruct the unknown inputs and that the controller can track
the desired trajectory with a negligible tracking error.

longitudinal traction force Ft according to the empirical four-
coefficient expression:Ft = D sin(C arctan(B σ − E(B σ −
arctan(B σ))))Fz , where the dimensionless coefficients B,
C, D, and E are the stiffness, shape, peak, and curvature of
the tire. Their values result from a curve-fitting process of
experimental data concerning the different conditions of the
tire-asphalt interface [62]. The blockset allows specifying the
rolling and aerodynamic coefficients whose values, for the case
of racecars, can be found in [63], [64]. The results reported in
Fig. 6 show how the controller can follow the desired trajectory
with a minimum error and the effectiveness of the disturbance
estimation methodology through the UIO, robust compared to
the models that can be used to describe the forces of resistance to
motion. A small deviation of at most 0.2% of the effective radius
reconstructed by the UIO with respect to the one dynamically
extracted from the Vehicle Dynamics Blockset can be observed.
This is caused by the dynamic deformation of the tire due
to speed which is simulated within the block, but it was not
considered in the formula of Eq. 20.

3) Simulation of an Aggressive Maneuver as External Pro-
cess on Raspberry PI: As a final step, the proposed solution
involving the input-state estimator of Th. 1 and the longitudinal
control law of Th. 2 have been tested by using a low-cost
hardware setup, consisting of a Raspberry PI 4 Model B system.
This test has been done with the purpose to show the real-time
implementability of the solution and assess the required com-
putation time in terms of the CPU utilization. To achieve this,
the Matlab/Simulink model, including the full vehicle dynamics
modeled via Eq. 1, the estimator, and the control law has been
compiled for the Raspberry PI hardware, via the Simulink Real-
time Code Generation, and built as a standalone application.
The application has been run with a scheduling time δ = 10−3

seconds. The inclusion of the full vehicle model in the simulation
represents a further computation load that in an experimental
setup would not be necessary. However, this choice allows
overestimating the required CPU utilization, further ensuring
the solution implementability.

Referring to Fig. 6, the simulated scenario is as follows.
The desired longitudinal speed profile is that of an aggressive
maneuver, consisting of a fast acceleration phase with u̇d = 6.25
m/s2 (t < 7), a deceleration phase with u̇d = −6.25 m/s2 (7 ≤
t < 10), followed another acceleration phase with u̇d = 6.25
m/s2 till the speed of 50 m/s is reached (10 ≤ t < 15), and
a final constant high-speed motion phase with u̇d = 0 m/s2

(15 ≤ t < 20). The road type is dry, except from during the time
interval 3 ≤ t < 4 in which the car encounters a wet surface. A
Dryden wind blows from the instant t = 2 till the end of the
simulation. In order to show that the small slip ratio assumption
is valid at least within the optimal interval values [26], a larger
slip ratio threshold σ̄ = 0.17 has been chosen. While the con-
trol law is based on the reduced-degree-of-freedom model, the
simulated vehicle dynamics is the full model of Eq. 1, as for the
previous simulations.

Analyzing the first row of the figure, one can see the correct
functioning of the controller. More precisely, in the phases when
the car travels on a dry road, the desired acceleration u̇d requires
a traction force Ft that can be obtained with slip ratio values
that are within the allowed range, i.e. |σ| ≤ σ̄. During these
phases, the controller specifies a correct positive or negative
driving torque that allows the asymptotic tracking of the desired
speed ud. As car meets a wet road surface, at t = 3, the current
traction forceFt instantaneously diminishes, and the asymptotic
speed tracking can only be obtained with slip ratios that are out
of the allowed range. The controller increases the slip ratio up
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Fig. 6. Scenario #2: (Vehicle Dynamics Blockset with Pacejka’s Magic Formula): The proposed UIO estimator and the proposed control are evaluated in a
black-box test where the vehicle’s dynamics model is simulated via the Vehicle Dynamics Blockset and the traction force is simulated via Pacejka’s formula.

Fig. 7. Scenario #3 (Raspberry PI 4 Model B): Results from the simulation of a complete aggressive maneuver, consisting of fast acceleration, deceleration, and
constant high-speed phases, obtained with a standalone process scheduled every δ = 10−3 seconds. The controller successfully allows the asymptotic tracking even
with a larger slip ratio threshold σ̄ = 0.17. As the vehicle encounters a wet surface during the interval t ∈ [3, 4], the controller keeps increasing the longitudinal
speed, while maintaining the slip ratio within the allowed range. The estimator correctly and promptly reconstructs the unknown quantities.
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TABLE II
ESTIMATION PERFORMANCE ON THE RASPBERRY PI 4 MODEL B

Fig. 8. Scenario #3: Behavior of the CPU utilization percentage, computed
on a dataset extracted from 25 runs of the standalone application, including the
estimator, the controller, and the full vehicle’s dynamics.

to the maximum value and then applies the formula in Eq. 31,
in order to make u still increasing, while keeping σ within the
allowed range. As the car reaches again a dry surface at t = 4
and the required traction force becomes feasible, the tracking
speed error quickly converges to zero.

Moving on now to the second row of the figure, it can be seen
that also the estimator correctly works, thus providing accurate
estimates of the unknown traction force, effective radius, and
total resistance force to the controller. Specifically, it can be
observed how the effective radius diminishes during the ac-
celeration phases, increases during the deceleration ones, and
reaches a constant value when moving at a constant speed. The
estimation accuracy has been evaluated in terms of the relative
estimation errors and the obtained results have been reported in
Table II. Recall that the relative estimation error of a possibly
null quantity α estimated by α̂ is |α− α̂| (1 + |α|)−1, where the
unity is introduced to cope with the case of α = 0.

As a final performance data, the percentage of CPU utilization
has been computed by considering 25 runs of the standalone
application, including the estimator, the controller, and the full
vehicle’s dynamics. The obtained results are reported in Fig. 8,
which illustrates the behavior of the average of the CPU usage
and of the standard deviation. The minimum and maximum
utilization values within the standard deviation along the en-
tire simulations is 4.2896% and 5.9606%, respectively, while
a typical value is around 4.62%, which shows the practically
implementability on the proposed solution even on a low-cost
platform.

VI. CONCLUSION

This paper addressed model-free nonlinear control of the
longitudinal speed for a self-driving racecar, via the use of a
linear UIO allowing the dynamic reconstruction of informa-
tion on the vehicle’s motion concerning the inputs acting on
the system. Carried out simulations have highlighted a strong
robustness of the proposed estimation and control method to
the various simulation models, even in extremely changing
conditions, thereby guaranteeing a much safer vehicle’s mo-
tion than existing techniques. Most prominently, the estimation

procedure has proven to be more efficient than EKF-based
approaches, even with measurement noise, despite the simplicity
of its implementation. Indeed, the approach does not require
accurate knowledge of the traction force and all resistance
forces. The paper shows that such input uncertainty as well as
parametric changes in the corresponding models can be seen as
disturbance inputs acting on the system, that can be accurately
estimated and compensated. Future work will focus on extending
this approach to the complete dynamics of the vehicle and testing
it on a real Robocar.
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