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Abstract—This paper deals with convergence analysis of
the extended Kalman ﬁlters (EKFs) for sensorless motion
control systems with induction motor (IM). An EKF is tuned
according to a six-order discrete-time model of the IM,
affected by system and measurement noises, obtained by
applying a ﬁrst-order Euler discretization to a six-order continuous-time model. Some properties of the discrete-time
model have been explored. Among these properties, the
observability property is relevant, which leads to conditions
that can be directly linked with the working conditions
of the machine. Starting from these properties, the convergence of the stochastic state estimation process, in
mean square sense, has been shown. The convergence is
also explored with reference to the difference between the
samples of the state of the continuous-time model and that
estimated by the EKF. The results theoretically achieved
have been also validated by means of experimental tests
carried out on an IM prototype.
Index Terms—Convergence analysis, extended Kalman
ﬁlter (EKF), induction motor (IM), observability analysis,
sensorless control.

I. I NTRODUCTION

A

PROBLEM of great interest in real applications is that
of reducing the number of sensors needed for processing
a control law. This is particularly true for electrical machines
because they often work in hostile environments. Motion control of systems with induction motor (IM) without speed sensor
(sensorless) has been addressed by many authors, starting from
either a continuous-time model (cf., e.g., [1] and the references
therein) or a discrete-time model (cf., e.g., [2] and the references therein).
A crucial problem to solve for the implementation of sensorless control laws is the determination of both the rotor flux
vector and the speed. This can be carried out in a deterministic
setting by using observers (cf., for example, [3], [4], and the
references therein) in a stochastic setting using estimators (cf.,
for example, [5], [6], and the references therein) or in a global
way by constructing a closed-loop control law that allows
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the satisfaction of given design requirements, forcing three
variables to converge to the rotor flux components and the speed
[1]; in the last case, the computation scheme of the rotor flux
and speed works only in the contest of the proposed control law.
A common approach to estimate the speed of an IM is to use
an extended Kalman filter (EKF). Recently, variants of the EKF
have been proposed, such as in [7], where the design and implementation of unscented Kalman filters for IM sensorless drives
are investigated. In [8], the real-time implementation of a biinput EKF estimator is described, which deals with the estimation of the whole state of the IM together with stator and rotor
resistances. To cope with higher computational efforts required
by these filters, alternative configurations based on Kalman
filtering have been proposed [9], [10], where the complexity of
the filter is reduced solving two linear least square subproblems
instead of a nonlinear one. Finally, different approaches could
be followed that are not based on Kalman filtering [11]–[13].
As well known, the observability property of the model is
crucial for the existence of state observers or estimators. In [1],
the persistency of an excitation condition, crucial for the existence of the described control law, is interpreted in terms of the
observability of the IM model. In [1] and [14], the observability
property of the IM continuous-time model is explored, assuming the stator current components as output. Using the rank
condition, the authors pointed out that a sufficient condition for
lost of observability is that the excitation voltage frequency is
zero and the motor is operating at constant speed.
In [15], starting from a fifth-order model, the existence of
trajectories generated by the model is also shown, corresponding to particular operation regimes, that cannot be accurately
estimated by any state observer, which implies that the performance of the system is remarkably deteriorated. Recently,
in [16], a unified approach to ac machine observability, based
on the weak local observability concept, has been presented.
However, in [16], only the deterministic continuous-time fifthorder model is considered, and the same conclusions achieved
in [1] and [14] are shown.
In this paper, the observability analysis is provided, but
differently from the previous works, this analysis is carried
out on the sixth-order discrete-time model since our goal is to
design a sixth-order discrete-time EKF for sensorless control
of IM. It is shown that, starting from the discrete-time model,
the observability conditions are obtained in a direct manner,
by extracting only the first 3 × 3 minor from the nonlinear
observability matrix, both at constant and varying speeds. At
the best knowledge of the authors, the approach followed to
determine the observability conditions is new.
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Moreover, the use of the EKF, considered as a means to
estimate the state of a sixth-order IM–load system model,
has two objectives: first, to obtain filtered stator current components, which is essential to control the IM–load system;
second, to estimate stator flux components and the speed for
implementing sensorless state feedback control laws [17], [18].
The estimation of the load torque indirectly allows a better
estimation of the speed, but it can be also used to implement
control laws based on disturbance compensation.
It is proved that the EKF estimation error is bounded in a
mean square sense and bounded with probability one by using
the very interesting and comprehensive approach illustrated in
[19] and the convergence conditions derived in [20]. We also
provide an upper bound to the estimation error of the discretetime filter with respect to the state of the continuous-time model
computed at the sampling instants.
Experimental results are shown, which are referred to tests
carried out at high and low speeds. The aim is that of studying
the behavior of the closed-loop system in various operating conditions. Particularly interesting is the analysis of the lost of the
observability property at low speed using the new observability
conditions derived here in terms of the state estimates instead
of the state of the motor–load system.
This paper is organized as follows. Section II describes the
model of the considered IM and its properties such as its observability. Section III deals with the observability of the IM–load
model. Section IV shows the structure of the EKF, together with
the convergence analysis, and a study regarding the effects of
the discretization of the continuous-time model. In Section V,
the results theoretically achieved are validated by means of
experiments carried out on a prototype, which also shows the
capabilities of the estimator for constructing sensorless control
schemes. Finally, conclusions are given in Section VI.
II. M ATHEMATICAL M ODELS OF THE IM

TABLE I
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.
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Remark 1: For sensorless control, the rotor speed ω has
to be estimated together with the other state variables, and
consequently, it appears in the model as a state variable together
with the load torque tl that appears as an unknown disturbance.
Moreover, the Coulomb friction has not been modeled due to its
relay-type nature, which leads to a pulse derivative localized at
ω = 0, which is difficult to be interpreted when Jacobian has to
be computed. However, it will be estimated by the EKF together
with the load torque.

A. Continuous-Time Mathematical Model
Neglecting iron losses, saturation of the electromagnetic circuit and anisotropy of the geometric structure, the continuoustime mathematical model of the IM in the stationary frame is
given by (see e.g., [21])
ż(t) = Ac z(t) + fc (z(t)) + Bc νs (t) + gtr (t)

(1)

where z = (iα , iβ , ψα , ψβ , ω)T (see Table I), νs = (να , νβ )T ,
and
⎛
⎞
−a11
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⎜
⎟
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0
0
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−a33
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⎛
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⎟
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⎜
⎟
fc (z) = ⎜
−z4 z5
⎟ , Bc = ⎜ 0
⎝
⎝
⎠
z3 z5
0
−f3 (z1 z4 − z2 z3 )
0

⎞
0
f1 ⎟
⎟
0⎟
⎠
0
0

B. Continuous-Time Model for the State Estimation
To cope with the problem of Remark 1, the following dynamics are chosen for the load torque (see, e.g., [17]):
ṫl = 0.

(2)

Then, assuming tl as a further state variable, the following sixorder model is obtained:
ẋ(t) = Âc x(t) + fˆc (x(t)) + B̂c νs (t)

(3)

T

where x = (z T , tl ) , and


Ac g
fc (z)
ˆ
Âc =
, fc (x) =
05×1 0
0


,

B̂c =

Bc
02×1

.

A discrete-time model corresponding to (3) can be obtained
by using first-order Euler discretization. By choosing the stator
current components as the system output, the discrete-time
model is given by
xk+1 = Axk + f (xk ) + Bνs,k + ζk
yk = Cxk + ξk

(4)
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where ζk and ξk are system and measurement white noises, assumed uncorrelated between them and other variables, whereas
A, B, C, and f (xk ) are
A = (I6 + Ts Âc ),
B = Ts B̂c ,

f (xk ) = Ts fˆc (xk )
C = (I2 , 02×4 ).

C. Properties of the Discrete-Time Model
In the remainder of this section, we provide the following
properties of the discrete-time model, whose proofs are shown
in the Appendix.
Proposition 1: Function f (·) can be expanded around x̂k as
f (xk ) − f (x̂k ) = J(x̂k ) (xk − x̂k ) + h(xk , x̂k )

(5)

where x̂k is a state estimate, and J(x̂k ) is the Jacobian of f (·)
computed at x̂k , given by
∂f (x̂k )
J(x̂k ) = Ts
⎛ ∂ x̂k
0
0
0
fˆ1 x̂5k fˆ1 , x̂4k
⎜ 0
ˆ1 x̂5k
0
−fˆ1 x̂4k
0
−
f
⎜
⎜ 0
x̂
−T
0
0
−T
s 5k
s x̂4k
=⎜
⎜ 0
x̂
0
−T
0
−T
s 5k
s x̂3k
⎜
⎝−fˆ3 x̂4k fˆ3 x̂3k fˆ3 x̂2k −fˆ3 x̂1k
0
0
0
0
0
0

⎞
0
0⎟
⎟
0⎟
⎟
0⎟
⎟
0⎠
0

where ek = x − x̂k , and
⎛
0 0
0
⎜0 0
0
⎜
⎜0 0
0
H(ek ) = ⎜
⎜0 0
0
⎜
⎝ 0 0 fˆ3 e2k
0 0
0

0
0
0
0
−fˆ3 e1k
0

(6)

fˆ1 e4k
−fˆ1 e3k
−Ts e4,k
Ts e3,k
0
0

H(ek ) ≤ α ek 

⎞
0
0⎟
⎟
0⎟
⎟.
0⎟
⎟
0⎠
0

(7)

where h(xk ) = Cxk , and fd = Axk + f (xk ) + f1 vs,k .
Denoting with O3 the 6 × 6 matrix obtained with the first
three terms of O, putting xk = x and xk+1 = x+ , its determinant is given by
+ β â212

+
x3 x+
3 + x4 x4
+ fˆ2 x5 x+ x3 x+ − x+ x4
1

5

4

3

(11)

+
+
x3 = φd cos(ρ); x+
3 = φd cos(ρ )
+
+
+
x4 = φd sin(ρ); x4 = φd sin(ρ )

→
−
→+
−
where φd = | φ r |, and φ+
d = | φ r |. With these positions,
det(O3 ) becomes
+
+
det(O3 ) = −αφd φ+
d x5 − x5 cos(ρ − ρ)
+ βφd φ+ â2 + fˆ2 x5 x+ sin(ρ+ − ρ).

for all x̂k and ek , where  ·  is the Euclidian norm.
From (6) and (7), it follows that, for all ek , it occurs
h(xk , x̂k ) ≤ α ek 2 .

As well known, the observability property of a model is
essential for the existence of an estimator of its state. As for the
IM system, many authors provide sufficient observability conditions for the continuous-time model [14]–[16], [22]. At the
best of the authors’ knowledge, the observability of the discretetime model has not been addressed, although the estimators
described in many papers are based on the IM discrete-time
model. In this respect, the following theorem can be proved.
Theorem 1: The nonlinear model (4) is locally weakly
observable if the rotor flux vector rotates instant by instant in
the stator reference frame.
Proof: According to [19], the nonlinear model (4) is
weakly locally observable if the so-called rank condition is
satisfied, i.e., rank(O) = n = 6, where matrix O is given by
⎞
⎛
∂h
∂x (xk )
∂fd
∂h
⎟
⎜
⎟
⎜
∂x (xk+1 ) ∂x (xk )
O=⎜
⎟
..
⎠
⎝
.
∂fd
∂fd
∂h
∂x (xk+5 ) ∂x (xk+4 ) · · · ∂x (xk )

where α = fˆ13 Ts â12 g5 , and β = fˆ12 g5 Ts . Now, it is worthwhile
+
noting that x3 (x+
3 ) and x4 (x4 ) are the components of the
→+
→ −
−
rotor flux vector φ r ( φ r ) along the a- and b-axes of the stator
reference frame, respectively. Consequently, denoting with ρ
→
−
→+
−
and ρ+ the angles between vectors φ r and φ r and the a-axis,
the above components are given by

Proposition 2: For matrices J(x̂k ) and H(ek ), there exist
two positive constants M and α s.t.
J(x̂k ) ≤ M x̂k ,
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det(O3 ) = −α x5 − x+
5

and h(·, ·) contains all its nonlinearities, and it is given by
h(x, x̂k ) = H(ek ) ek
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d

12

1

5

(12)

The above equation shows that, at a constant speed (x5 = x+
5 ),
=

0,
i.e.,
the rank conditions are satisfied if ρ+ = ρ ∀φd = 0, ∀φ+
d
Proposition 3: Function f (·) satisfies the following condition: if the rotor flux vector rotates in the stator reference frame.

Remark
2:
When
the
rotor
flux
vector
is
fixed
in
the
referf (xk ) − f (x̂k ) ≤ (M x̂k  + α ek ) ek .
(9)
ence stator frame, the rank condition is not satisfied, and conseProposition 4: Matrix Ak = A + J(x̂k ) satisfies the fol- quently, nothing can be deduced about observability. However,
lowing inequality:
it is useful to analyze the behaviors of the system in the set of
states in which the rank condition fails. This set contains the
Ak  ≤ A + M x̂k .
(10) states corresponding to the operating situations in which the
Proposition 5: Matrix Ak is affine in the variables x̂i,k for rotor flux vector is fixed in the reference stator frame, i.e., at
zero stator frequency. This frequency ρ̇ is given by
i = 1, . . . , 5.
ˆ
iq
Proposition 6: Function fc (·) satisfies the following
ρ̇ = ω + a21
inequality:fˆc (x) ≤ 3α̂x(t)2 , with α̂ = α/Ts .
φd
(8)
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where iq is the in-quadrature stator current in the frame rotating
with the rotor flux, and its discrete-time version is

iq
ρ+ − ρ = Ts ω + a21
(13)
φd

this case, it is possible to do some considerations. From (13), if
x+
5 = x5 , the rank condition is not satisfied provided that

in which ω, iq , and φd are evaluated at the discrete-time
instant k. The above set is then obtained putting ρ+ = ρ and is
given by

It is worth noticing that, when the rotor speed is positive
and increasing, x5 > 0 and x+
5 − x5 > 0, (17) implies that
tg(ρ+ − ρ) < 0 and thus that ρ+ < ρ. This is in contrast with
the hypothesis that the speed is increasing. The same holds for
the speed is negative and decreasing. For this reason, during
the motor working condition, (17) could be satisfied only for
isolated instants during braking. Equation (17) can be computed
online by using the estimated variables only. However, it could
be useful to verify offline if it is satisfied using the values of the
variables acquired during the experiments.

ω + a21

iq
= 0.
φd

(14)

Moreover, since the motor torque tm generated by the motor is
given by
t m = f 3 iq φ d
(14) becomes

tg(ρ+ − ρ) = fˆ1 â12

x5 − x+
5
.
â2 + fˆ1 x5 x+
12

(17)

5

IV. EKF
a21
tm + ω = 0
f3 φ2d

(15)

which represents a straight line with negative slope in the
tm − ω plane crossing its origin, i.e., a line that belongs to the
second and fourth quadrants of the above plane, crossing the
point tm = 0 and ω = 0, as shown in [14].
Now, let S = {(ω, tm ) : ω ∈ (−xmin , xmax )} be the set of
points of the trajectory (15) around the origin of the plane
tm − ω, where the rank condition fails. It is useful to analyze
the behaviors of the induction machine in this set S. To this
regard, note that the induction machine, when it works as a
motor, cannot work in the second and fourth quadrants of the
plane tm − ω at a constant speed because, in these quadrants,
the motor works like a generator and produces electrical energy
from the mechanical one stored in the motor, which consequently reduces its speed. Operations in these quadrants can
occur during short transients due to, for example, a requirement
of strong deceleration or energy recovering during braking. The
only way to operate at a constant speed is to put the rotor in
rotation with an auxiliary mechanical source, i.e., forcing the
motor to work as an asynchronous generator.
Remark 3: Assuming the machine fluxed and at rest (i.e.,
ω = 0 and iq = 0) and applying to it an active positive load, i.e.,
a load able to put the rotor in rotation, an operative condition
compatible with the model of the induction machine is that of a
motion evolving according to the following equation:
ω + = −â33 ω − g5 tl .

(16)

Then, the machine accelerates in the negative direction toward
a steady-state speed equal to
g5
tl
ω=−
(1 + â33 )
without generation of motor torque. This situation cannot be
observed by any model-based estimator, and consequently, it
has to be treated ad hoc.
Remark 4: During transients, it is more difficult to verify
whether the rank condition is satisfied or not. However, also in

A. Structure of the Filter
In order to obtain an estimate x̂k of the state xk of the
discrete-time system (4), the following EKF is proposed:
x̂k+1 = Ax̂k + f (x̂k ) + Bνs,k + Kk (yk − C x̂k )

(18)

where Kk is a gain matrix that has to be suitably updated,
according to the following procedure.
The dynamics of the estimation error, i.e., ek = xk − x̂k , is
given by
ek+1 = Aek + f (xk ) − f (x̂k ) − Kk Cek + ζk − Kk ξk
which becomes, by using (5)
ek+1 = (Ak − Kk C)ek + H(ek )ek + ζk − Kk ξk .

(19)

In the previous expression, Ak is evaluated at the state x̂k given
by EKF. As usual, the covariance matrix of the error ek+1 can
be obtained by neglecting the nonlinear term H(ek )ek in (19),
and it is thus given by
Pk+1 = (Ak − Kk C)Pk (Ak − Kk C)T + Qk
+ Kk CPk (Ak − Kk C)T

(20)

where Qk is a positive definite matrix, i.e., Qk ≥ qI, with q >
0, for all time instants k, s.t.
E ζk ζkT = Qk δ(k − k ).
Minimizing Pk+1 with respect to Kk , the following expression
for Kk is obtained:
Kk = Ak Pk C T (CPk C T + Rk )

−1

(21)

where Rk is a positive definite matrix, i.e., Rk ≥ rI, with
r > 0, for all time instants k, s.t.
E ξk ξkT = Rk δ(k − k ).
The following proposition is useful whose proof is given in the
Appendix.
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Proposition 7: Matrix As,k = Ak − Kk C is bounded, i.e.,

Proof: Consider the candidate Lyapunov function
V (ek ) = eTk Pk−1 ek .

As,k  ≤ S
for all time instants k, where S is a positive real number.
B. EKF Convergence Analysis
To prove the results of this section, the following assumptions are imposed.
Assumption 1:
• There exist real numbers r, r, q, and q, such that qI6 ≤
Qk ≤ qI6 and rI2 ≤ Rk ≤ rI2 , for all k.
• P0 > 0.
• The pair (Ak , C) is uniformly observable.
Assumption 2:
• There exists a real number N such that Ak  ≤ N for all
time instants k.
• Matrix Ak is invertible for all time instants k.
The problem is to show that, under suitable conditions, the
stochastic process ek is bounded. To this purpose, recall from
[19, Lemma 4.2] that there exist real numbers p and p, such that
the following inequalities:
pI6 ≤ Pk ≤ pI6

(22)

hold under Assumption 1.
Remark 5: Only the third item of Assumption 1 needs
some discussion. First of all, it should be noticed that the
observability property of the model, discussed in Section III,
is a necessary condition for the existence of an estimator for
the model itself. A sufficient condition for the existence of an
estimator is the uniform observability of the couple (Ak , C).
Moreover, as it is easy to verify, the rank condition implies the
uniform observability of the pair (Ak , C). Indeed, matrix O3
(cf., Theorem 1), particularized with the state estimates instead
of true state, is equal to matrix Qo , given by
⎞
⎛
C
Qo = ⎝ CAk ⎠ .
(23)
CAk+1 Ak
It follows that the conditions of uniform observability are the
same to those of the motor model, particularized with the state
estimates, i.e., the estimated rotor flux rotates, at a constant
speed, whereas the condition is lost if (17) is satisfied with
the estimated variables instead of the motor ones. However, the
test of uniform observability can be carried out only during the
experiments. This will be further discussed later, in Section V.
The first main result can be now stated on the convergence of
the proposed EKF.
Theorem 2: Consider the discrete-time IM’s model in (4)
and the EKF described in (18). Under the conditions of Assumptions 1 and 2, the estimation error ek is exponentially
bounded in mean square and bounded with probability one if
the initial estimation error satisfies the following inequality:

2S βp
,
e0  ≤  = min
α 8Sαp
where β > 0 is a suitable constant.

2345

(24)

Note that V (0) = 0 and (1/p)ek 2 ≤ V (ek ) ≤ (1/p)ek 2 ,
for ek = 0, since Pk is positive definite and upper bounded. It
needs to find an upper bound for the conditional expectation of
V (ek+1 ) given ek . Direct computation gives
E (V (ek+1 )|ek ) − V (ek )
−1
= E (Γk (ek )ek + nk )T Pk+1
(Γk (ek )ek + nk )) − V (ek )
where Γk (ek ) = As,k + H(ek ), and nk = ξk − Kk ζk . Recall
from [19] that, under Assumptions 1 and 2, the following
inequality holds:
−1
eTk ATs,k Pk+1
As,k ek − eTk Pk−1 ek ≤ −βV (ek )

(25)

for some β ∈ (0, 1). By noticing that As,k , Pk−1 , H(ek ), and ek
are independent of nk and by using (25), it is obtained
−1
E (V (ek+1 )|ek )−V (ek ) ≤ −βV (ek )+2eTk ATs,k Pk+1
H(ek )ek
T
T
−1
T −1
+ ek H (ek )Pk+1 H(ek )ek +E nk Pk+1 nk .

Under the same assumptions and noticing that C = 1, there
exists a positive number γ, given by
γ=

6q 2N 2 p2 r
+
p
pr2

−1
s.t. E(nTk Pk+1
nk ) ≤ γ (see again [19, Lemma 3.3]). Hence, it
is possible to write

E (V (ek+1 )|ek ) − V (ek ) ≤ −βV (ek ) + δ(ek ) + γ

(26)

with
δ(ek ) = 2

αS
α2
α
ek 3 +
ek 4 = ek 3 (2S + αek ) .
p
p
p

Moreover, for ek  ≤  = 2S/α, it results αek  ≤ 2S, and thus
δ(ek ) ≤ 4

Sα
ek 3 .
p

Finally, for ek  ≤  = min( , βp/8Sαp), it follows that
p
1
β
β
ek 2 ≤ V (ek ).
δ(ek ) ≤ 4Sα ek  ek 2 <
p
p
2p
2
Inserting the last equation into (26) yields
E (V (ek+1 )|ek ) − V (ek ) ≤ −β V (ek ) + γ

(27)

for ek  ≤ , where β = 0.5β. Indeed, as in [19, Lemma 3.3],
it can be assumed that, for the noise upper bound γ, there exists
˜ <  s.t.
γ=

β ˜2
p

whereas, for all ek s.t. ˜ ≤ ek  ≤ , it results that
γ≤

β ek 2
≤ β V (ek )
p
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and thus, the right member of (27) is less than or equal to zero.
From (27), it is obtained that [20]
E (V (ek+1 )|e0 ) ≤ γ

k−1


i

k

(1 − β ) + (1 − β ) V (e0 )

(28)

i=0

and then
E ek 2 |e0 ≤

k−1

p
k
i
(1 − β ) e0 2 + γp
(1 − β ) . (29)
p
i=0

Now, observe that
k−1


i

(1 − β ) <

i=0

∞


i

(1 − β ) =

i=0

1
β

assuming that e0  ≤ , ek  remains exponentially bounded
in mean square and bounded with probability one. Moreover, it
results
lim E (ek |e0 ) = ˜.

x→∞


Remark 6: The items of Assumption 2, regarding matrix
Ak , need some discussion. As already said, matrix Ak depends
on the estimated state x̂k , according to the following equation:
|Ak | =

−â33 μ21

+

μ22 x̂25k

+ −fˆ3 μ22 (x̂2k x̂3k − x̂1k x̂4k )x̂5k

+ fˆ3 μ1 fˆ1 x̂23k + x̂24k − μ2 (x̂1k x̂3k − x̂2k x̂4k )

(30)

with μ1 = â11 â22 − â12 â21 and μ2 = â11 Ts − â21 fˆ1 and
â11 = −(1 − Ts a11 ), â22 = −(1 − Ts a22 )
â33 = −(1 − Ts a33 ), â12 = Ts a12 , â21 = Ts a21
fˆ1 = Ts f1 , fˆ3 = Ts f3 .
With the sampling frequencies usually chosen (10–20 kHz), the
coefficients of (30) satisfy inequalities â33 < 0, μ2 < 0, and
μ1 > 0. From (30), it is difficult to infer about the existence
of the inverse of matrix Ak because it depends on the estimated
state. Then, the condition |Ak | = 0 can be checked only after
computation of x̂k , which can be carried out either online, i.e.,
during the experiments (see Section V), or offline using data
acquired during the experiments themselves. Moreover, if the
state estimates are near to the true ones, some physical considerations can be made about the terms of (30). In fact, in this
hypothesis, the second term is proportional to the mechanical
power generated by the motor, and the third term is the sum
of a term proportional to the square of the rotor flux and a
term proportional to the product of the rotor flux and the direct
current producing the rotor flux. The first and third terms are
positive, whereas the second term can be positive or negative.
In this situation, it can be said that |Ak | = 0 for x̂5,k = 0, and
matrix Ak could be singular but in isolated instants of time.
With reference to the required bound of the norm of Ak ,
it can be checked during the experiments by computing the
maximum singular value of Ak and verifying if it is bounded
or not (see Section V).

C. Effect of the Euler Discretization
The previous convergence analysis shows that the estimation
error of the IM’s discrete-time model is bounded. In this section, the accuracy of the proposed filter is proved by verifying
that it is also bounded the difference between the state of
the continuous-time model, computed at the sampling times,
and the state estimated by the EKF. This analysis is aimed
to highlight the effects produced by the discretization process
on the accuracy of the discrete-time model, i.e., effects whose
nature is deterministic. In this contest, the analysis will be
carried out in a deterministic setting, i.e., by neglecting the
terms relative to the system and measurement noises.
To this purpose, consider the solution x(t) of the dynamic
system in (3) and its corresponding Taylor expansion computed
around x(t0 ), given by
x(t) = x(t0 ) + ẋ(t)|t0 (t − t0 )
x(n+1) (t)|tλ
x(n) |t0
(t − t0 )n +
(t − t0 )n+1
+··· +
n!
(n + 1)!

(31)

where tλ ∈ (t0 , t), and the last term of the equation is the
Lagrange remainder.
Putting t0 = tk and t = tk+1 = tk + Ts , (31) can be specialized for n = 1, which gives the following Euler discretization:
x(tk+1 ) = x(tk ) + Ts ẋ(t)|tk +

Ts2
ẍ(t)|tλk
2

(32)

where tλk ∈ (tk , tk+1 ). From (4), it results
ẋ(t)|tk = Ax(tk ) + f (x(tk )) + Bνs (tk )
and direct computation of the second temporal derivative gives
d
f (x(t)) |tλk = Ãẋ (tλk )
dt

∂f (x) 
.
Ã = A +
∂x x(tλ )
k

ẍ(t)|tλk = Aẋ (tλk ) +

Consequently, (32) can be written as
x(tk+1 ) = x(tk ) + Ts (Ax(tk ) + f (x(tk )) + Bνs (tk )) + σk
where σk = (Ts2 /2)ẍ(t)|tλk is the truncation error at tk+1
given the values of the variables at tk .
According to (18), the structure of the proposed EKF is
given by
x̂k+1 = x̂k +Ts (Ax̂k +f (x̂k )+Bνs (tk ))+Kk (y(tk )−C x̂k ) .
(33)
The dynamics of the discretization error k = x(tk ) − x̂k between the state x of the continuous-time model, sampled at the
continuous time tk , and the state x̂k , estimated by the EKF at
the discrete step k, is
k+1 = (I + ATs − Kk C)k + Ts (f (x(tk )) − f (x̂k )) + σk
which, by means of (5), can be simplified as
k+1 = As,k k + H(k )k + σk .

(34)
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Equation (34) is analogous to (19), except for the presence of
the deterministic term σk instead of the noise terms. It follows
that the convergence analysis of k can be carried out by means
of the classical Lyapunov method for discrete-time models.
It is then possible to prove the following.
Theorem 3: Under the hypothesis on the second derivative
of the continuous-time model’s solution, x(t) and the sampling
time Ts , given by
ẍ(t)Ts2 ≤ 2σ̄,

for all t

(35)

the norm of the discretization error k exponentially converges
to a value that is upper bounded by the quantity δ =

2σ 2 p/pβ , where β will be defined later.
Proof: Consider the candidate Lyapunov function
V (k ) = Tk L−1
k k

Fig. 1.

where Lk is a symmetric positive definite matrix, which is
assumed here as the solution of the previous considered Riccati
equation. The forward difference of V (k ) satisfies the following inequality:

Motor–brake system.
TABLE II
M OTOR PARAMETERS

−1
H(k )k
V (k+1 ) − V (k ) ≤ −βV (k ) + 2Tk ATs,k Pk+1
−1
−1
−1
+ 2Tk ATs,k Pk+1
σk + Tk H T (k )Pk+1
H(k )k + σkT Pk+1
σk .

TABLE III
R ATED DATA OF THE M OTOR

By using Propositions 2 and 7, this equation becomes
V (k+1 ) − V (k )
1
2Sσk  + σ 2 + α2 k 4 +2Sαk 3
p

≤ −βV (k )+
= −βV (k ) +

σ
α
k 3 (2S + αk ) + (2Sk  + σ)
p
p

under the assumptions |σk | ≤ σ̄, for all k. Assuming that

k  ≤ δ = min

2S σ β p
,
,
α 2S 4Sα p



the previous inequality becomes
V (k+1 ) − V (k ) ≤ −β V (k ) + γ

(36)

where γ = 2(σ̄ 2 /p). Following the same procedure as in Theorem 2, it can be proved that there exists a positive quantity
δ < δ, with δ 2 = γp/β , s.t. for δ < k  ≤ δ it results
γ≤

β
k 2 ≤ β V (k ).
p

It follows that the second member of (36) is negative or null,
and for δ ≤ 0  ≤ δ, k  is exponentially bounded and con
verges to a value upper bounded by δ.

V. E XPERIMENTS
Experiments have been carried out with the aim of validating
the above described EKF. The prototype constructed for this
purpose consists of a 750-W IM and a powder brake system
shown in Fig. 1. The IM is driven by a source voltage inverter,
and a microcontroller DSpace 1103 is used to implement both
EKF and the control law. In particular, the control law is
designed according to a field-oriented approach and consists
in a cascade controller with four PI control loops, two inner
current loops, and two outer rotor flux and speed loops [23]. (An
alternative control scheme for sensorless IM drives has been
recently proposed in [24].) The PI controllers are designed to
obtain a bandwidth of 10 Hz for speed and rotor flux loops and
40 Hz for current loops. An anti-wind-up scheme is designed
for the speed control loop. The modules of stator current and
voltage vectors are constrained to Is,MAX = 7 A in order to
avoid damage of the machine, i.e., Vs,MAX = 0, 866 VBUS .
The measured variables are the two stator currents given by
two Hall effect transducers. All the aforementioned four control
loops are closed through the proposed EKF. However, in order
to compare estimated and measured speeds, the speed is also
acquired by means of a 1024-ppr incremental encoder.
The whole controller, including the proposed estimator, is
processed at 12 kHz.
The parameters and the rated data of the motor are shown in
Tables II and III, respectively.
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Fig. 2.
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Experimental waveform during a test at nominal speed and load and with speed reversal.

Matrices Q and R, necessary for processing EKF, have been
obtained by means of a suitable preliminary experiment so
that the estimated stator currents produced by EKF track the
measured ones. In particular, matrix R has been chosen equal to
the identity matrix I2×2 , and Q has been parameterized as Q =
diag(q11 I2×2 , q22 I2×2 , q33 , q44 ), with q11 = 8.149 × 10−2 ,
q22 = 4.68×10−5 , q33 = 2.619×10−2 , and q44 = 11.363×10−5 .
The results of some experiments are shown in Figs. 2–6.
Fig. 2 shows the waveforms of angular speed, stator currents,
rotor flux, and torque during a suitable test at a maximum
speed of 100 rad/s and rated load, whereas Fig. 3 shows the
waveforms of angular speed, stator currents, rotor flux, and
torque during a test at very low speed of 3 rad/s and rated
load. In particular, Fig. 2 shows the closed-loop responses
corresponding to a trapezoidal reference speed when the motor
is fluxed at 0.8 Wb at t = 0, starts at t = 0.5 s with a step
reference speed of ωr = 100 rad/s, then at t = 10 s, there is a
speed reversal, and finally, the speed is put to zero by means of
a ramp. A load torque of 4 Nm is applied at 2 s and removed
at 8 s. Fig. 3 shows the closed-loop responses corresponding to
a very low speed test, which is a classical critical condition in
all the model-based observers/estimators for sensorless control
of induction machines, when the motor is fluxed at 0.8 Wb

at t = 0, then starts at t = 0.5 s with a step reference speed of
ωr = 3 rad/s. The load torque of 4 Nm is applied at 2 s and
removed at 8 s.
Finally, Fig. 4 is shown with the aim of verifying the observability conditions during the above two tests. More precisely,
both members of (17) are computed online using, obviously, the
estimated variables instead of the actual ones. This corresponds
to evaluate the observability property of the couple (Ak , C),
as required from Assumption 1 in Section IV-B. In particular,
in Fig. 4(a) and (b), the waveforms of the first and second
members of (17) are shown corresponding to the tests in Figs. 2
and 3, respectively.
From Figs. 2 and 3, a good behavior of the estimator is shown
in all operating conditions. In fact, the observer is capable to
track all state variables, and the controller with feedback from
estimated variables is capable to cope with the disturbance
very well.
Examination of Fig. 4(a) shows that (17) is satisfied near zero
speed before starting with the machine fluxed (t < 0.5 s), when
the speed passes through zero during speed reversal (about t =
10 s), and then when speed is forced again to zero (t > 18 s).
When the rank condition is lost just either in isolated instants or
in a few instants of time, estimates given by EKF are careful, but
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Fig. 3

Experimental waveform during a test at low speed and with nominal load.

Fig. 4

Observability condition (17) computed at the sampling instants for the test at Fig. 2(a) and for the test at Fig. 3(a).

when the rank condition is lost in several instants, the behavior
of EKF deteriorates. This is shown also in Fig. 2(a)–(d), where
the closed-loop system, after few instants in which it remains
at rest, displays a speed oscillating from about −0.5 rad/s to
about 2.5 rad/s, and also the estimated load torque presents an
error. While for isolated instants, i.e., during the speed reversal,
the lost of rank does not represent a big problem. Fig. 4(b)
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shows that also for very low speed, after a time interval before
and at the beginning of the starting, in which (17) is satisfied,
indeed the system is capable to track the reference speed also
in presence of the torque load.
Finally, from the above analysis, it is useful to note that (17)
represents a strong instrument to analyze when the observer
and, therefore, the whole control system are working correctly.
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Fig. 5.

IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 62, NO. 4, APRIL 2015

Set of values of |Ak | computed at the sampling instants for the test at Fig. 2(a) and for the test at Fig. 3(a).

Fig. 6 Set of values of the maximum singular value of Ak , σmax (Ak ) computed at the sampling instants, for the test at Fig. 2(a) and for the test
at Fig. 3(a).

In Fig. 5, the set of values of |Ak | is displayed, computed
at the sampling instants, at the above discussed low- and highspeed experiments. The shape of the corresponding waveforms
shows that matrix Ak is always nonsingular. In particular, it
appears that the computed minimum value is greater than the
term −â33 μ1 of (30). This fact has been confirmed in many
other experiments carried out in various operating conditions.
In Fig. 6, the set of values of the maximum singular value of
Ak , σmax (Ak ), is displayed, computed at the sampling instants,
at low- and high-speed experiments. As well known, it results
Ak  = σmax (Ak ), and consequently, if σmax (Ak ) is bounded,
it is possible to verify the first requirement of Assumption 2. In
Fig. 6, it appears that matrix Ak is bounded in norm, and the
bound diminishes with the operative speed range.
VI. C ONCLUSION
Through the analysis carried out in this paper, interesting
properties of the discrete-time version of the IM model have
been shown. This allows giving convergence guarantees of the

state estimates of the motor–load discrete-time model in a mean
square sense and with probability one. The study effected in
this paper suggests some interesting comments. First of all, the
observability checking carried out on the motor–load discretetime model leads to conditions more understandable and simple
to be used than those obtained from the continuous-time model.
Second, the observability of the IM model is a necessary
condition for the existence of a state estimator, whereas the
sufficient condition is the uniform observability of its linearized
model. Third, the time-varying nature of the linearized model,
obtained at each sampling time, needs to check some properties,
either online or offline, such as uniform observability, existence
of the inverse of a matrix, and boundedness in the norm of a
matrix. The effects of the discretization are also analyzed in a
deterministic setting, showing, along with the observability and
convergence analysis, a good theoretical treatment of the EKF
when it is used to estimate the state of an IM. Experimental
findings are displayed with the aim of verifying the aforementioned properties and validating the capabilities of the estimator
in sensorless control schemes in both high and low speeds.
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A PPENDIX
P ROOFS OF THE P ROPOSITIONS

with m1 = (0, 0, 0, 0, −f3 , 0)T , m2 = (0, f1 , 0, 0, 0, 0, 0)T , and
m3 = (f1 , 0, −1, 0, −f3 , 0)T . Consequently, we have

Proof of Proposition 1: By inspection of the model (4). 
Proof of Proposition
 2: By inspection, matrix J(x̂k ) can be
written as J(x̂k ) = 5i=1 Ji x̂i,k , where J1 = (0, 0, 0, q1 , 0, 0),
J3 = (0, −q1 , 0, 0, q3 , 0),
J4 =
J2 = (0, 0, −q1 , 0, 0, 0),
(q1 , 0, 0, 0, q4 , 0), and J5 = (0, 0, q3 , q4 , 0, 0), with q1 = Ts (0,
0, 0, 0, −f3 , 0)T , q3 = Ts (0, −f1 , 0, 0, 0, 0)T , and q4 = Ts (f1 ,
0, −1, 0, 0, 0)T . Then, we have






ˆ
fc (x) ≤ f3 (|x1 | + |x2 |) + 1 + f12 |x5 | x

J(x̂k ) ≤

5


Ji |x̂i,k | ≤

i=1

5


Ji x̂k .

(A-1)

i=1

Moreover, being
J1  = J2  =
Ts f3 , J3  = J4  =

2
2
1 + f
max{Ts f3 , Ts 1 + f
1 }, J5  = Ts
1 , we obtain (6)
2
with M = Ts (2f3 + 1 + f1 + 2 max{f3 , 1 + f12 }).
As for matrix H(ek ), recall that
H(ek ) =




σ̄ (H(ek

)T H(e

k ))

=

σ̄ H̃(ek )

where σ̄(H̃) denotes the maximum singular value of matrix
H̃. It is easy to verify that the set of singular values of H̃ is
given by


0, 0, 0, 0, Ts2 f32 e21,k + e22,k , Ts2 1 + f12

e23,k + e24,k



and, consequently, we have
H(ek )

= Ts max f3






e21,k

+

e22,k ,

(1 +

f12 )

e23,k

+

e24,k

.

Multiplying the numerator
 and the denominator of the last
6
2
equation by ek  =
i=1 ei,k , observing that
max




e21,k + e22,k + e23,k , e24,k ≤ ek 


and, finally, choosing α = Ts max{f3 , 1+f12 }, yields (7). 
Proof of Proposition 3: From (5)–(7), the following inequality holds:
f (xk ) − f (x̂k ) ≤ J(x̂k ) ek  + H(ek ) ek 
and using (6) and (7), (9) is obtained.

Proof of Proposition 4: The relation directly follows
from (6).

=
Proof of Proposition
5:
By
Proposition
2,
it
results
A
k


A + J(x̂k ) = A + 5i=1 Ji x̂i,k .
Proof of Proposition 6: Function fˆc (x) can be written as
fˆc (x) = (M1 x1 + M2 x2 + M3 x3 )x, where M1 = (0, 0, 0, m1 ,
0, 0), M2 = (0, 0, 0, −m1 , 0, 0), and M3 = (0, 0, m2 , m3 , 0, 0),

2

≤ α̂ (|x1 | + |x2 | + |x5 |)
with α̂ = α/Ts and α as in Proposition 2. Finally, we have

fˆc (x)2 ≤ 3α̂x2 because of |xi | ≤ x for all i.
Proof of Proposition 7: In [19], it is shown that the filter’s
gain matrix Kk is s.t. Kk  ≤ N p/r, for all k, where N is
a suitable positive number. Consequently, since C = 1, we
have As,k  ≤ Ak  + Kk C ≤ N (1 + (p/r)) = S. 
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